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We consider the phase equilibria of a fluid confined in a deep capillary groove of width L with
confining side and bottom walls made of two different materials that are both completely wet by
liquid. Using density functional theory and interfacial models, we show that the meniscus separating
liquid and gas phases at two phase capillary-coexistence meets the bottom capped end of the groove
at a capillary contact angle θcap(L) which depends on the mismatch between the Hamaker constants.
If the bottom wall has a weaker intermolecular interaction than the side walls, then θcap > 0
even though all the surfaces are themselves completely wet. This alters the capillary condensation
transition which is now first-order, even though it would be continuous in a homogeneous capillary
made of either type of material. We show that the capillary contact angle θcap(L) vanishes in two
limits, corresponding to different capillary wetting transitions. These occur as the width becomes
macroscopically large, and also as it is squeezed to a microscopic value determined by the difference
in Hamaker constants. This second wetting transition is characterised by large scale fluctuations
and essential critical singularities owing to the presence of marginal interfacial interactions.
PACS numbers: 68.08.Bc,64.60.F-,68.03.Cd,05.20.Jj
The equilibrium contact angle θ of a macroscopic drop
of liquid on a planar substrate (wall) is determined by
the tensions of the wall-gas, wall-liquid and liquid-gas
interfaces, according to Young’s equation [1–3]
γwg − γwl = γlg cos θ (1)
For the common case of complete wetting, where θ = 0,
the tensions satisfy Antonow’s rule γwg = γwl + γlg,
which means that, as the pressure is increased towards
saturation, p → psat(T ), at constant temperature T ,
a macroscopic layer of liquid must be adsorbed at the
wall-gas interface. However, for partial wetting (θ > 0),
the wetting layer thickness remains finite at psat. It is
well-known that fluid adsorption is strongly modified,
and in general enhanced, by substrate geometry [4–14].
A particular example of this is the capillary condensation
of liquid in a slit of width L at a shifted value of the
pressure pcc(T ;L) [15, 16], the details of which depend
on whether the slit is capped at one end, thus forming
a rectangular groove [17–22]. Here, we point out that,
in this groove geometry, one may identify a capillary
contact angle θcap(L), defined analogous to the Young
equation but at capillary coexistence pcc, rather than
at bulk coexistence psat. This can be thought of as the
angle at which the meniscus, separating capillary liquid
and gas phases, meets the groove bottom as shown in
Fig. 1. Intuitively, one may think that, if all the walls
are made of completely wet material (θ = 0), then the
capillary contact angle is also zero (θcap(L) = 0). This
is indeed the case if the walls are identical. However,
if the bottom wall, which extends over the whole
lower half-space, has a weaker long-ranged dispersion
interaction than the side walls, the capillary contact
angle θcap(L) is finite. Thus, while grooves made of
either material have θcap(L) = 0, somewhat counter-
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FIG. 1: a) Schematic illustration of a mesoscopic droplet of
capillary liquid in a heterogeneous groove at capillary coexis-
tence. The meniscus is of near circular cross-section, meeting
the side walls tangentially, and forming an angle θcap as it
separates from the bottom. b) Cross-sections of two differ-
ent heterogeneous capillaries made from two completely wet
materials.
intuitively, a groove made of a combination of both
has θcap(L) > 0. In addition, we show that θcap(L)
vanishes in two limits, without requiring fine tuning of
the Hamaker constants. These transitions correspond
to the continuous unbinding of the meniscus from the
capped end as the slit becomes macroscopically wide,
and also as it is squeezed to a specific value determined
by the mismatch in Hamaker constants of the side and
bottom walls.
Consider the interface between a planar wall of infi-
nite area, occupying the half-space z < 0, and a bulk
vapour at a subcritical temperature T < Tc and pres-
sure p < psat(T ) (or, equivalently, chemical potential
µ < µsat(T )). If θ = 0, then as p → psat, the equi-
librium thickness `pi of the adsorbed liquid layer grows
and would become macroscopic in the absence of gravity.
The divergence of `pi was first understood by Frumkin
and Derjaguin using the concept of a disjoining pressure
[23]. Equivalently, one determines a binding potential
2Wpi(`) defined as the excess grand potential per unit area
of a wetting film constrained to be of thickness ` [2]. This
can be constructed from a microscopic density functional
theory (DFT), Ω[ρ] = F [ρ] − ∫ drρ(r)(µ − V (r)), where
F [ρ] is the Helmholtz functional modelling the fluid-fluid
interaction and V (r) is the external potential due to the
wall [24]. Thus, V (r) = ρw
∫
dr′φ(|r − r′|) where the
integral is over the volume of the wall (of number den-
sity ρw) and φ(r) is the pair potential between fluid and
wall atoms. The binding potential then follows from Ω[ρ]
using a sharp-kink approximation for the density profile
ρ(r) in which one simply assumes that there is liquid of
bulk density ρl below the interface and bulk gas of den-
sity ρg above it. For systems with dispersion forces whose
wall-fluid and fluid-fluid potentials decay proportional to
−εwr−6 and −εr−6, respectively, the binding potential
has the well known form [2]
Wpi(`) = δp `+
A
`2
+ · · · (2)
where δp = psat − p. The first term is the thermo-
dynamic penalty of having a layer of a metastable
liquid while the power-law repulsion emerges after the
interaction potentials are integrated over the 3D volume
of the wall and the thickness of the wetting layer. The
coefficient of the repulsion defines the Hamaker constant
A ∝ (ρl − ρg)(ρwεw − ρlε), which is necessarily repul-
sive for complete wetting, and minimization of Wpi(`)
determines the equilibrium film thickness `pi ∼ δp−1/3 [2].
Now, consider a capillary groove of macroscopic
length and depth but of microscopic width L which is
capped at its bottom. The groove is made from three
slabs (two side walls and a bottom) of two different
materials which are themselves completely wet. The
side walls are of material 1 with interaction strength εw1 ,
and occupy the regions z > 0 and |x| > L/2. The slit
is capped by having the third slab of material 2, with
interaction strength εw2 , occupy the whole lower space,
z < 0 (Groove I in Fig. 1(b)).
At the top of the capillary groove is an open end
which is in contact with a bulk vapour at pressure p
and temperature T . Confinement between the side walls
leads to the phenomenon of capillary-condensation corre-
sponding to the shift of the bulk-like coexistence curve so
that, at fixed L, capillary-liquid (CL) and capillary-gas
(CG) phases coexist along a line pcc(T ;L) which termi-
nates at a capillary critical temperature Tc(L). In the
capped system, geometry necessitates the formation of a
meniscus separating CL and CG phases at some distance
`m from the bottom, which determines the adsorption
Γ ≈ (ρl − ρg)L`m. To find `m, we first consider a mean-
field (MF) treatment and construct a capillary binding
potential W cap(`) by constraining the meniscus to a uni-
form height ` along the groove, and determine the excess
grand potential per unit area of the groove bottom. This
is done analagous to the calculation for wetting begining
from a microscopic DFT and using a simple sharp-kink
parameterization for the density profile. If the layer of
CL at the bottom of the capillary is thick, such that
` L, the potential reduces to
W cap(`) = ∆p `+
A2 −A1
`2
+
3A1L
8`3
· · · (3)
where ∆p = pcc − p and A1,A2 are the (positive)
Hamaker constants for the side and bottom walls,
respectively. Thus, the first term is the thermodynamic
penalty of having a thick layer of CL and is analogous to
the term δp ` in Wpi(`) except that pressure is now mea-
sured relative to capillary condensation. This analysis
also determines the value of psat − pcc = 2γ/(L − 3`pi),
which is the Kelvin-Derjaguin result for the shift of
the coexistence line allowing for thick wetting films at
the side walls [16]. The remaining terms in W cap(`)
arise from the dispersion forces and can be understood
as follows: Consider an infinite uncapped capillary-slit
exactly at p = pcc, and place the meniscus at some
arbitrary position. Now, cap the capillary by inserting
an infinite slab of material type 1 of width L at some
large distance ` below the meniscus. Since the width
of this slab is finite, the contribution to Ω[ρ] from the
dispersion forces can only decay as O(`−3) as there is
one less infinite dimension in the volume integration (see
the final term of Eq. (3)). When we make the capillary
heterogenous, we must further imagine slicing off an
infinite slab of material 1 at the same depth and replace
it with an infinite slab of material type 2. The contri-
bution to Ω[ρ] from the dispersion forces for both these
slabs now involves integration over a 3D semi-volume,
leading to the second term of Eq. (3). Note that the
difference between the Hamaker constants A2 − A1 is
proportional to (εw2 −εw1 ) since the contributions from the
fluid-fluid forces cancel. We now consider three scenarios:
A) A homogeneous capillary (A1 = A2). In this case,
the meniscus is repelled from the capped end by a term
of O(`−3), which competes with the thermodynamic at-
traction proportional to ∆p `. Minimization of W cap(`)
determines the MF meniscus height `m ∼ ∆p−1/4 [19].
The condensation occurring as p → p−cc is therefore a
continuous transition.
B). A heterogeneous capillary (A1 < A2). Now, there
is a stronger repulsion from the cap, and the meniscus
height grows as `m ∼ ∆p−1/3, similar to complete
wetting at a planar wall. The condensation transition
remains continuous.
C). A heterogeneous capillary (A1 > A2). Impor-
tantly, the mismatch between the Hamaker constants
leads to an interfacial attraction, so that the meniscus
remains bound at a distance `m ≈ 9LA1/16(A1 − A2)
from the cap even at p = pcc. This state coexists with
one in which the groove is filled with CL.
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FIG. 2: Adsorption isotherms obtained by numerical mini-
mization of the DFT for (A) a homogeneous capillary, (B)
a capillary with a stronger bottom wall, and (C) a capillary
with a weaker bottom wall. Here, µcc is the chemical potential
at capillary condensation, which is determined independently
for each infinite open slit.
The remarkable implication of this is that, in a
capillary with a weaker bottom wall, the condensation
transition is first-order even though it would be continu-
ous in a homogeneous capillary made of either material
type 1 or 2 (case A). We emphasise that this phe-
nomenon only occurs if the weaker bottom wall occupies
the whole lower half space (Groove I in Fig. 1(b)). If
the slab of material type 2 capping the capillary only
occupies the width of the slit (Groove II in Fig. 1(b)),
the effect is absent since the effective binding potential
for this system is W cap(`) = ∆p `+ 3A2L/8`
3 + · · · and,
therefore, the condensation remains continuous.
We have tested these predictions for a groove of type I
using a microscopic Rosenfeld fundamental measure DFT
which accurately models packing effects if the density is
high close to the walls [25]. The Helmholtz functional
F [ρ] is split into ideal and excess contributions where the
latter contains a hard-sphere contribution and a mean-
field treatment of the attractive fluid-fluid forces Fatt =
1
2
∫∫
dr1dr2 ρ(r1)u(r12) ρ(r2). For the latter, we chose
u(r) = −4ε (σ/r)6, where σ is the hard-sphere diameter.
This potential is truncated at rc = 2.5σ and is zero inside
the hard-sphere.
The external potential V (x, z) has a hard-wall contri-
bution and a long-ranged tail, which can be determined
analytically from integrating the potential −4εwi (σ/r)6
over the volumes of the side (i = 1) and bottom (i = 2)
walls. Far from the bottom of the capillary (∼ 50σ),
we fix the density to that of a CG phase to model the
open end of the groove. Translational invariance is as-
sumed along the capillary. The temperature is set at
T = 0.96Tc (kBTc = 1.41ε), which is above the wetting
temperatures of both the weaker (εw = ε, Tw = 0.93Tc)
and stronger (εw = 1.2ε, Tw = 0.83Tc) walls, ensuring
complete wetting of all surfaces.
In Fig. 2, we show adsorption isotherms obtained for
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FIG. 3: a) Log-log plot of adsorption isotherms for the two
examples of continuous capillary condensation, and compari-
son with the predicted slopes −1/4 and −1/3 (cases (A) and
(B), respectively). b) For case (C), a two dimensional density
profile ρ(x, z) showing a bound state meniscus configuration
that coexists with a completely filled capillary at µ = µcc.
three slits of width L = 12σ: εw1 = ε
w
2 = 1.2ε (case
A), εw1 = ε and ε
w
2 = 1.2ε (case B), and ε
w
1 = 1.2ε
and εw2 = ε (case C). As predicted, the condensation
is continuous for the first two cases, and a log-log plot
shows very good agreement with the predicted exponent
values 1/4 and 1/3, respectively (See Fig. 3a). For the
third case, with a weaker bottom wall, the condensation
is first-order and, at capillary coexistence, a meniscus
remains bound close to the cap (Fig. 3b).
Just as Young’s equation allows us to define a contact
angle θ from the three surface tensions associated with
coexisting bulk phases and a wall at p = psat, we may
now define a capillary contact angle from the analogous
free energies of the coexisting capillary phases at p = pcc:
γcapwg (L)− γcapwl (L) = γcaplg (L) cos θcap(L) (4)
Here, γcaplg (L) is the surface tension associated with
the meniscus separating capillary liquid and capillary gas
phases, defined in standard thermodynamic fashion as
the excess grand potential per unit area of the capillary
bottom. For wide slits, this tension is well approximated
by γcaplg (L) ≈ piγlg/2, owing to the near circular shape
of the meniscus. Similarly, γcapwg (L) and γ
cap
wl (L) are the
surface tensions associated with the interface between the
groove bottom and the CG phase (bound meniscus) and
CL phase (unbound meniscus), respectively.
At MF level, we can identify W cap(`m) =
γcaplg (L) (cos θ
cap(L)− 1), which leads to
θcap(L) ≈ 32 (A1−A2)
3
2
9
√
3piγlg A1L
; L→∞ (5)
which is valid for A1 > A2 and sufficiently large L.
Otherwise, when A1 ≤ A2, the capillary contact angle
vanishes.
4The MF result (5) suggests that we can induce a cap-
illary wetting transition by changing the sign of A1 −
A2, similar to the standard mechanism for critical wet-
ting transition [2, 3]. However, rather than tuning the
Hamaker constants, we focus instead on how θcap(L)
depends on L, while maintaining capillary coexistence
p = pcc(L). To do this, we need to go beyond MF and
consider fluctuation effects arising from the wandering of
the meniscus height along the groove (y axis). These are
well described by the 1D interfacial Hamiltonian
Hcap[`] = L
∫
dy
{
γcaplg (L)
2
(
d`
dy
)2
+W cap(`)
}
(6)
where `(y) denotes the local height of the meniscus at
position y, and one may approximate γcaplg (L) ≈ piγlg/2.
Similar 1D models are known to describe accurately
fluctuation effects at both 2D wetting [2] and 3D wedge
filling transitions [7]. The partition function can be
evaluated exactly using standard transfer-matrix tech-
niques, the spectrum of which follows from solution of a
Schro¨dinger-like equation from which one can readily de-
termine `m = 〈 ` 〉, the roughness ξ⊥ =
√〈 `2 〉 − `2m and
the lengthscale ξy describing height correlations along
the direction of the groove. Analysis shows that θcap
may vanish in two different ways. The first occurs, as
indicated by (5), when the slit becomes macroscopically
wide, in which case interfacial/meniscus fluctuations are
suppressed. Note that, as L increases, the coefficient of
the `−2 term in W cap becomes arbitarily small compared
to the coefficient of the `−3 term. This mimics the
mechanism required for a critical wetting transition,
even though the Hamaker constant mismatch remains
fixed. Thus, θcap(L) vanishes according to (5) with the
accompanying scaling behaviour `m ∼ L, ξ⊥ ∼
√
L and
ξy ∼ L2 describing the growth of the meniscus. Note
that because the meniscus is effectively one dimensional,
the interfacial roughness is much larger than for three
dimensional wetting, and shows a scaling dependence
very similar to that predicted for wedge filling in systems
with dispersion forces [7].
The second type of transition involving the meniscus
occurs as the slit width decreases. According to the MF
result (5), the capillary contact angle continues to in-
crease as the width becomes microscopic. However, the
reduction in the stiffness coefficient Lγcaplg (L) enhances
fluctuation effects, and the meniscus eventually tunnels
out of the potential well in W cap. Thus, at a sufficiently
small slit separation L = Lw, the capillary contact an-
gle θcap also vanishes corresponding to another capillary
wetting transition. This transition belongs to the inter-
mediate fluctuation regime of two dimensional critical
wetting, because the `−2 interaction is marginal, which is
highly sensitive to the short-ranged structure of the bind-
ing potential [26]. In our case, the final term in W cap(`)
is strongly repulsive, which means that the transition is
characterised by essential singularities [27, 28]. When the
mismatch in the Hamaker constants is small, this identi-
fies the value of the slit width at which θcap(L) vanishes
as
Lw =
kBT
2
√
piγlg(A1 −A2)
(7)
Note that the divergence of Lw as A2 → A1 means that
this transition is absent in a homogeneous capillary, for
which the capillary contact angle is always zero. As L is
decreased towards Lw in a heterogeneous capillary, the
capillary contact angle vanishes as
θcap(L) ∼ e
− 2piLw√
L2−L2w ; L→ Lw (8)
with the accompanying scaling `m ∼ ξ⊥ ∼ ξ1/2y ∝ 1/θcap,
characteristic of fluctuation-dominated behaviour. For
narrower grooves (L < Lw), complete wetting of the
cap is restored (θcap = 0) and eventually coexistence
ends at a capillary critical point [15]. These features are
illustrated schematically in Fig. 4, where we plot θcap
vs. τ ≡ √kBT/4piγlgL2 . This dimensionless parameter
may be interpreted in two ways. At fixed T < Tc,
increasing τ corresponds to decreasing L to the critical
slit width Lc(T ). Alternatively, at fixed L, increasing
τ corresponds to increasing T towards the capillary
critical temperature Tc(L). Indeed, in the scaling limit
L → ∞ and T → Tc, universal critical amplitude ratios
for the wetting parameter [29] and critical point shift
Tc(L) − Tc [30] allow us to obtain a reliable estimate
of its critical value τc ≈ 0.1. The vanishing θcap, as
described by (5) and (8), corresponds to the two different
capillary wetting transitions, which occur at τ = 0 and
τ = τw ≡
√
A1−A2
kBT
, respectively. The maximum value
of θcap occurs between these two transitions and is of
order A1/kBT if the mismatch between the Hamaker
constants is large.
In summary, we have shown that, in a capillary
groove, the competition between the dispersion forces at
the bottom and side walls can lead to a finite capillary
contact angle, even though the walls only show complete
wetting. Our predictions can be tested in simulation
studies, where a direct measurement of a contact angle
in a capillary is straightforward, by fixing the number
of particles so that a droplet forms at the capped end.
More easily, the existence of a finite θcap can be implied
indirectly in simulation studies and in experiments, by
observing a change to the order of the capillary con-
densation transition in adsorption isotherms. It would
also be interesting to consider competition between side
and bottom walls that exhibit partial wetting where
it may be possible to manipulate further the binding
properties of the meniscus and hence the fluid adsorption.
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FIG. 4: Schematic behaviour of the capillary contact an-
gle θcap as a function of the dimensionless variable τ ≡√
kBT/4piγlgL2 . The locations of the capillary wetting tran-
sitions and capillary critical point are shown.
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